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Abstract
The concept of S-permutation matrix is considered in this paper. It
defines when two binary matrices are disjoint. For an arbitrary n2 × n2
S-permutation matrix, a lower band of the number of all disjoint with it
S-permutation matrices is found. A formula for counting a lower band
of the number of all disjoint pairs of n2 × n2 S-permutation matrices is
formulated and proven. As a consequence, a lower band of the probability
of two randomly generated S-permutation matrices to be disjoint is found.
In particular, a different proof of a known assertion is obtained in the work.
The cases when n = 2 and n = 3 are discussed in detail.
Keywords: S-permutation matrix, Disjoint binary matrices, Rencontre, De-
rangement, Sudoku
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1 Introduction
Let n be a positive integer. By [n] we denote the set [n] = {1, 2, . . . , n} .
A binary (or boolean, or (0,1)-matrix ) is a matrix all of whose elements
belong to the set B = {0, 1}. With Bn we will denote the set of all n×n binary
matrices.
A square binary matrix is called a permutation matrix, if there is just one
1 in every row and every column. Let us denote by Pn the group of all n × n
permutation matrices, and by Sn the symmetric group of order n, i.e. the group
of all one-to-one mappings of the set [n] in itself. If x ∈ [n], ρ ∈ Sn, then we
will denote by ρ(x) the image of the element x in the mapping ρ. As is well
known, there is an isomorphism θ : Pn → Sn such that if A = (aij) ∈ Pn and
θ(A) = ρ ∈ Sn, then
aij = 1⇔ ρ(i) = j. (1)
Let i ∈ [n] and let ρ ∈ Sn. We will call i a fixed point or rencontre if
ρ(i) = i. As is well known (see for example [1, p. 159]) the number ep(n) of all
1
permutation from Sn with exactly p rencontres is equal to
ep(n) =
n!
p!
n−p∑
k=0
(−1)k
k!
(2)
It is easy to calculate that
en−1(n) = 0 (3)
When p = 0, e.i. if ρ(i) 6= i for all i = 1, 2, . . . , n, ρ ∈ Sn is called derange-
ment. The number dn of all derangements in Sn is equal to
dn = n!
n∑
k=0
(−1)k
k!
(4)
Let n be a positive integer and let A ∈ Bn2 be a n
2×n2 binary matrix. With
the help of n− 1 horizontal lines and n− 1 vertical lines A has been separated
into n2 of number non-intersecting n× n square sub-matrices Akl, 1 ≤ k, l ≤ n,
e.i.
A =


A11 A12 · · · A1n
A21 A22 · · · A2n
...
...
. . .
...
An1 An2 · · · Ann

 . (5)
The sub-matrices Akl, 1 ≤ k, l ≤ n will be called blocks.
A matrix A ∈ Bn2 is called an S-permutation if in each row, each col-
umn, and each block of A there is exactly one 1. Let the set of all n2 × n2
S-permutation matrices be denoted by Σn2 .
As it is proved in [2] the cardinality of the set of all S-permutation matrices
is equal to
|Σn2 | = (n!)
2n
. (6)
Two binary matrices A = (aij) ∈ Bm and B = (bij) ∈ Bm will be called
disjoint if there are not elements with one and the same indices aij and bij such
that aij = bij = 1, i.e. if aij = 1 then bij = 0 and if bij = 1 then aij = 0,
1 ≤ i, j ≤ m.
The concept of S-permutation matrix was introduced by Geir Dahl [2] in
relation to the popular Sudoku puzzle.
Obviously a square n2 × n2 matrix M with elements of [n2] = {1, 2, . . . , n2}
is a Sudoku matrix if and only if there are matrices A1, A2, . . . , An2 ∈ Σn2 , each
two of them are disjoint and such that P can be given in the following way:
M = 1 ·A1 + 2 · A2 + · · ·+ n
2 ·An2 (7)
In [3] Roberto Fontana offers an algorithm which randomly gets a family
of n2 × n2 mutually disjoint S-permutation matrices, where n = 2, 3. In n =
3 he ran the algorithm 1000 times and found 105 different families of nine
2
mutually disjoint S-permutation matrices. Then using (7) he obtained 9! ·105 =
38 102 400 Sudoku matrices. In relation with Fontana’s algorithm, it looks
useful to calculate the probability of two randomly generated S-permutation
matrices to be disjoint.
For the classification of all non defined concepts and notations as well as for
common assertions which have not been proved here, we recommend sources
[1, 4, 5].
2 Main results
Theorem 1 Let A ∈ Σn2 . Then the cardinality ξn of the set of all matrices
B ∈ Σn2 which are disjoint with A is equal to
ξn = (n!)
2n
(
n∑
k=0
(−1)k
k!
)n(
2−
n∑
k=0
(−1)k
k!
)n
+Rn, (8)
where Rn ≥ 0.
Proof: It is easy to see that if A,B ∈ Σn2 then there are only n
2 × n2
permutation matrices C,D ∈ Pn2 of the type
C =


C1 O O · · · O
O C2 O · · · O
O O C3 · · · O
...
...
...
. . .
...
O O O · · · Cn

 , D =


D1 O O · · · O
O D2 O · · · O
O O D3 · · · O
...
...
...
. . .
...
O O O · · · Dn

 (9)
where Ci, Di ∈ Pn are permutation n× n matrices, i = 1, 2, . . . , n and O is the
zero n× n matrix and such that
B = CAD. (10)
Let for all i = 1, 2, . . . , n the elements θ(Ci) ∈ Sn be derangements, or for
all i = 1, 2, . . . , n the elements θ(Di) ∈ Sn be derangements, where θ : Pn → Sn
is the isomorphism defined by formula (1). It is easily seen that in this case,
which we will call basic case the S-permutation matrices A and B = CAD are
disjoint. This, according to (4), can be done in
νn =
(
dn · n! + n! · dn − d
2
n
)n
=

2 (n!)2 n∑
k=0
(−1)k
k!
− (n!)2
(
n∑
k=0
(−1)k
k!
)2
n
=
= (n!)
2n
(
n∑
k=0
(−1)k
k!
)n(
2−
n∑
k=0
(−1)k
k!
)n
ways. Obviously ξn = νn + Rn, where Rn ≥ 0 and Rn counts all cases when
there are i, j ∈ [n], such that θ(Ci) and θ(Dj) are not derangements, but A and
B = CAD are not disjoint.

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Corollary 1.1 Formula (6) immediately follows from (10).

Corollary 1.1 is a different proof of the proposition 1 of [2].
Corollary 1.2 The cardinality ηn of the set of all disjoint non-ordered pairs of
n2 × n2 S-permutation matrices is equal to
ηn =
(n!)2n
2
ξn =
=
(n!)2n
2
[
(n!)
2n
(
n∑
k=0
(−1)k
k!
)n(
2−
n∑
k=0
(−1)k
k!
)n
+Rn
]
,
where
Rn ≥ 0.
The proof follows directly from Theorem 1, formula (6) and having in mind
that the ”disjoint” relation is symmetric and antireflexive.

Corollary 1.3 The probability p(n) of two randomly generated n2×n2 S-permutation
matrices to be disjoint is equal to
p(n) =
ξn
(n!)2n − 1
=
(n!)
2n
(
n∑
k=0
(−1)k
k!
)n(
2−
n∑
k=0
(−1)k
k!
)n
+Rn
(n!)2n − 1
.
Proof: Applying Corollary 1.2 and formula (6), we obtain:
p(n) =
ηn(
|Σn2 |
2
) =
=
(n!)2n
2
[
(n!)
2n
(
n∑
k=0
(−1)k
k!
)n(
2−
n∑
k=0
(−1)k
k!
)n
+Rn
]
(n!)
2n
(
(n!)
2n
− 1
)
2
=
=
(n!)2n
(
n∑
k=0
(−1)k
k!
)n(
2−
n∑
k=0
(−1)k
k!
)n
+Rn
(n!)
2n
− 1
=
ξn
(n!)
2n
− 1
.

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3 The application of Theorem 1 and its corol-
laries to n = 2 and n = 3
We will find the value of ξn, ηn and p(n) when n = 2 and n = 3. For larger
values of n additional efforts are required .
3.1 Consider n = 2
Considering (3), when n = 2, each of the matrices C1, C2, D1 and D2 defined by
(9) and (10) is either derangement or the identity matrix E2, where θ : Pn → Sn
is the isomorphism defined by formula (1).
Let C1 = E2. Then a necessary condition for the matrices A and B = CAD
to be disjoint is θ(D1) and θ(D2) to be derangements. This, however, is the
main case. For a definition of this term see in the proof of Theorem 1. Similarly,
we consider the cases C2 = E2, D1 = E2 or D2 = E2. Therefore, if n = 2 is
satisfied R2 = 0. So we get:
ξ2 = 2
4
(
2∑
k=0
(−1)k
k!
)2(
2−
2∑
k=0
(−1)k
k!
)2
= 9
η2 =
24
2
ξ2 = 72
p(2) =
ξ2
24 − 1
=
3
5
The accuracy of the obtained results is confirmed by the value of η2 = 72
obtained with other methods in [6], where graph theory techniques have been
used [7].
3.2 Consider n = 3
For the calculation of R3, it is necessary to consider all the possibilities of
permutation matrices Ci and Dj , 1 ≤ i, j ≤ 3, defined with the help of (9) and
(10). Let E0 denote the set of all derangements in S3, i.e. E0 = {ρ ∈ S3 | ρ(i) 6=
i, i = 1, 2, 3}. It is necessary to consider the following cases:
i) There are only i, j ∈ {1, 2, 3} such that θ(Ci), θ(Dj) /∈ E0, where A and
B = CAD are disjoint.
ii) There are only i, j ∈ {1, 2, 3} such that θ(Ci), θ(Dj) ∈ E0, where A and
B = CAD are disjoint.
iii) There are i1, i2, i3, j1, j2, j3 ∈ {1, 2, 3}, is 6= it, js 6= jt when s 6= t,
such that θ(Ci1 ), θ(Ci2 ), θ(Dj1 ) /∈ E0, θ(Ci3 ), θ(Dj2), θ(Dj3 ) ∈ E0, where A and
B = CAD are disjoint.
iv) There are i1, i2, i3, j1, j2, j3 ∈ {1, 2, 3}, is 6= it, js 6= jt when s 6= t,
such that θ(Ci1 ), θ(Dj1 ), θ(Dj2) /∈ E0, θ(Ci2 ), θ(Ci3 ), θ(Dj3 ) ∈ E0, where A and
B = CAD are disjoint. This case is considered analogous to the case iii.
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v) θ(C1), θ(C2), θ(C3) /∈ E0 and there is only j ∈ {1, 2, 3} such that θ(Dj) /∈
E0, where A and B = CAD are disjoint..
vi) θ(D1), θ(D2), θ(D3) /∈ E0 and there is only i ∈ {1, 2, 3} such that θ(Ci) /∈
E0, where A and B = CAD are disjoint. This case is considered analogous to
the case v.
vii) There is only i ∈ {1, 2, 3} such that θ(Ci) ∈ E0, where A and B = CAD
are disjoint.
viii) There is only j ∈ {1, 2, 3} such that θ(Dj) ∈ E0, where A and B = CAD
are disjoint. This case is considered analogous to the case vii.
After routine calculations, we obtained that R3 = 19 008. For ν3 we obtain
ν3 = (3!)
6
(
3∑
k=0
(−1)k
k!
)3(
2−
3∑
k=0
(−1)k
k!
)3
= 8 000,
from where
ξ3 = ν3 +R3 = 27 008.
η3 =
(3!)6
2
ξ3 = 630 042 624
p(3) =
ξ3
(3!)6 − 1
=
27 008
46655
≈ 0, 579
The accuracy of the obtained results is confirmed by the value of η3 =
630 042 624 obtained with other methods in [6], where graph theory techniques
have been used [7].
4 Conclusions and future work
As already mentioned in section 3, the calculation Rn, ξn, ηn and p(n) for n ≥ 4
still remains to be done.
We do not know a general formula for finding the number of all n2 × n2
Sudoku matrices for each natural number n ≥ 2 and we consider that this is an
open combinatorial problem. Only some special cases are known. For example,
in n = 2 it is known [3, 6] that
σ2 = 288.
In [8] it has been shown that there are exactly
σ3 = 9! · 72
2 · 27 · 27 704 267 971 = 6 670 903 752 021 072 936 960
number of 9× 9 Sudoku matrices.
The combinatorial problem to find the number µ(n, k) of all k-tuples (2 ≤
k ≤ n) mutually disjoint n2×n2 S-permutation matrices is still open for science.
The enumerating all disjoint non-ordered pairs of n2×n2 S-permutation matrices
(see Corollary 1.2) brings us closer to its solution.
6
From (7) it follows that the equality σn = n!µ(n, n) is valid. Then we
receive:
µ(2, 2) =
σ2
4!
=
288
24
= 12
µ(3, 3) =
σ3
9!
=
6 670 903 752 021 072 936 960
362 880
= 18 383 222 420 692 992
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